should be treated as quantum-mechanical operators. This
implies, for example, that 7, (¢) and I, (# + ¢ ') in (26) are
operators that in general do not commute, so that the cor-
relation function must be redefined in terms of a symme-
trized product 5[ LOL(t+t"Yy+ L+ t’)IZ(t)].
The last two references both show that such a redefinition
does lead in the quantum limit to a corrected Nyquist for-
mula in which kg T is replaced by (37). For a basic discus-
sion of noise and quantum mechanics, the reader is also
referred to Chap. 6 of the monograph by Robinson.”

IX. CONCLUSIONS

Beginning with the appropriate model of a Fermi-Dirac
conduction-electron gas, we have derived the Johnson-Ny-
quist expression for thermal noise inside a metal. This noise
is seen to originate in spontaneous fluctuations of current
that occur when electrons are scattered from occupied mo-
mentum states near the surface of the Fermi sphere into
unoccupied momentum states that are also near the surface
of the Fermi sphere. The unlikely circumstance that Fer-
mi-Dirac and Maxwell-Boltzmann statistics should both
lead to the Johnson-Nyquist formula turns out to be a con-
sequence of the fact that all of the charged particles are
allowed to participate in the Maxwell~Boltzmann picture,
while in the Fermi-Dirac picture only those electrons that
are close to the Fermi surface are allowed to participate.
An externally applied Ohm’s law transport current was
shown not to affect the level of thermal noise.
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A freely rotating magnet placed above a solenoid and between a set of Helmholtz coils is used to
examine properties of a nonlinear system. Accurate measurements of the angular velocity are
made with a photogate timing device. The period-doubling route to chaos, multiple periodicities,
and the behavior of transient motion are observed and measured.

I. INTRODUCTION

In the past 15 years, the field of nonlinear dynamics and
chaos has grown tremendously. These topics are now start-
ing to be covered in the undergraduate curriculum. Some
properties of nonlinear systems are treated in courses in
classical mechanics, and simple quantitative exercises and
analyses are making their way into classes on computa-
tional physics.! Along with these classroom discussions on
nonlinear systems, various experiments are being intro-
duced into student laboratories.” The purpose of this article
is to describe a simple, inexpensive apparatus, suitable for
the undergraduate laboratory, which is rich in applications
to the study of nonlinear systems.

The apparatus consists of a freely rotating compass nee-
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dle placed above a solenoid and between a set of Helmholtz
coils. The solenoid supplies a constant vertical magnetic
field, while the Helmholtz coils are used to drive the system
with an alternating magnetic field. With the help of a pho-
togate timing device, the angular velocity of the compass
needle is measured for a fixed angle.

A similar system without the vertical magnetic field has
been studied by several authors.’” In these experiments,
data were taken with a pickup coil and a stroboscope. Very
interesting results were obtained in displaying strange at-
tractors,** period doubling,>* and higher multiplicities.**
In our setup, we use a photogate which allows a simple and
accurate measurement of the time evolution of the system.
The time dependence of transient states and the system’s
response to a perturbation, as well as period doubling and
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